In this work we analyze the gravitational wave signal from hypermassive neutron stars formed after the merger of binary neutron star systems, focusing on its spectral features. The gravitational wave signals are extracted from numerical relativity simulations of models already considered by De Pietri et al. [Phys. Rev. D 93, 064047 (2016)], Maione et al. [Classical Quantum Gravity 33, 175009 (2016)], and Feo et al. [Classical Quantum Gravity 34, 034001 (2017)], and allow us to study the effect of the total baryonic mass of such systems (from 2.4M to 3M ), the mass ratio (up to q = 0.77), and the neutron star equation of state, both in equal and highly unequal mass binaries. We use the peaks we find in the gravitational spectrum as an independent test of already published hypotheses of their physical origin and empirical relations linking them with the characteristics of the merging neutron stars. In particular, we highlight the effects of the mass ratio, which in the past was often neglected. We also analyze the temporal evolution of the emission frequencies. Finally, we introduce a modern variant of Prony's method to analyze the gravitational wave postmerger emission as a sum of complex exponentials, trying to overcome some drawbacks of both Fourier spectra and least-squares fitting. Overall, the spectral properties of the postmerger signal observed in our simulation are in agreement with those proposed by other groups. More specifically, we find that the analysis of Bauswein and Stergioulas [Phys. Rev. D 91, 124056 (2015)] is particularly effective for binaries with very low masses or with a small mass ratio and that the mechanical toy model of Takami et al. [Phys. Rev. D 91, 064001 (2015)] provides a comprehensive and accurate description of the early stages of the postmerger. 
I. INTRODUCTION
Gravitational waves (GW) from binary neutron star (BNS) mergers are the next target for Earth-based interferometric detectors, after the recent first detection of GW from two binary black hole mergers [1] [2] [3] . BNSs are a particularly interesting system to study, since they are also linked to the electromagnetic signal counterpart to the GWs [4] [5] [6] [7] , to be the center for r-process nucleosynthesis in material that is dynamically ejected [8, 9] macronovae [10] [11] [12] [13] [14] [15] [16] from the material ejected during and after the merger, and are related to short gamma ray bursts [17] [18] [19] [20] (whose central engine mechanism is still disputed). Even more importantly, BNS mergers can be thought as a laboratory to study nuclear physics at the extreme conditions present in neutron star cores [21] . The still unknown equation of state (EOS) of nuclear matter inside the neutron star core, at densities higher than at nuclear equilibrium, will leave an imprint on the GW signal emitted both before and after the merger.
For the coalescent phase, semi-analytic techniques have been developed that include effects due to the tidal deformability effect of matter EOS, in particular within the effective-one-body (EOB) formalism [22] [23] [24] [25] , and tested and validated using numerical relativity (see for example [26] [27] [28] [29] ). On the other hand, for the merger and postmerger phase, numerical relativity is the only available tool to study the evolution of the remnant and its GW emission, in the case in which a (hyper)massive neutron star [30] , or a black hole surrounded by an accretion disk is formed. If a neutron star remnant is produced, its GW emission will still be linked to the neutron star EOS. In particular, many recent works focused on linking the spectral peaks of postmerger GW emission with some characteristics of the merging neutron stars [13, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , such as their radius, compactness or tidal deformability. If the progenitor masses would be known from the inspiral signal, they could be used to constrains the EOS together with information about the postmerger peaks.
Despite this large body of previous works, which mainly focuses on constructing empirical relations between GW spectral features and EOS-related features, there is still an open debate about the physical origin of the postmerger GW signal, especially the subdominant spectral peaks.
In this work, we analyze the postmerger GW signal from numerical relativity simulations, of which other aspects were already highlighted our previous works [41] [42] [43] . Our goals here are to get a clearer picture of the postmerger GW emission mechanisms and their evolution in time, and to act as an independent test for empirical relations published in the recent literature, which are often tested only on the same data used to derive them. Our set of simulations spans several directions in the relevant parameter space, investigating the effect of the total baryonic mass (from M T = 2.4M of model SLy 1.11vs1.11 to M T = 3.2M of model SLy 1.44vs1.44), the mass ratio (up to q = 0.77, which corresponds to the largest mass asymmetry observed in a BNS system in our galaxy [44] ), and the high density EOS in both equal and highly unequal mass systems. In particular, unequal mass systems were less widely investigated for the effect of the mass ratio in the postmerger GW analysis [32, 39, 41, 45, 46] . In this work we will highlight the effect of mass-ratio on the GW spectral features and evaluate the error of applying empirical relations developed for equal or close-to-equal mass binaries to highly unequal mass ones. The presence of this effect was already emphasized in [13] for the existence of empirical relations between the peak frequency of the GW signal and the radius of the neutron star.
We also adopt, for the first time, a modern version of Prony's method [47] [48] [49] [50] [51] to analyze GWs from BNS merger remnants. It is a promising technique, since it is able to overcome some of the limitations of both Fourier spectrograms and least-squares fitting. In particular, the Prony analysis allows us to confirm that the postmerger GW signal is given by a sum of complex exponential modes, which could not be clearly identified from the Fourier spectra alone. We also validate those mode frequencies and their time evolution with an independent data analysis technique.
The paper is organized as follows: in section II we briefly describe the simulated initial data and the numerical methods adopted. In section III we present the results of our analysis. In particular, III D contains a comparison of some empirical relations for the dominant spectral peaks with our data, in section III E we discuss different models for explaining the subdominant peaks in the spectra, before we introduce the version of the Prony's method we implemented and the results obtained applying it to our data in section III F. Finally, we conclude our analysis in section IV. The work is completed by one appendix , containing characteristics of our initial data, as well as a comparison of our data with existing, universal formulas for the postmerger peak frequencies.
Throughout this paper we use a spacelike signature −, +, +, +, with Greek indices running from 0 to 3, Latin indices from 1 to 3, and the standard convention for summation over repeated indices. The computations are performed using the standard 3+1 split into (usually) spacelike coordinates (x, y, z) = x i and a time-like coordinate t. Our coordinate system (x µ ) = (t, x i ) = (t, x, y, z) (farfrom the origin) are, as it can be checked, almost isotropic coordinates and (far-from the origin) they would have the usual measure unit of "time" and "space" and in particular t is close to be identified as the time measured from an observer at infinity.
All computations have been done in normalized computational units (hereafter denoted as CU) in which c = G = M = 1. We report all results in cgs units except for values of the polytropic constant K, whose unit of measurement depends on the value of the dimensionless polytropic exponent Γ, so we report K in the above defined normalized unit CU). We also report masses in terms of the solar mass M . The reader should note that, as is usual in most of the work on this subject we describe matter using the variable ρ (baryon mass density), (specific internal energy) and p, instead of, as usually used in Astrophysics, ρ (energy density), n (baryon number density) and p. Their relation is the following: ρ = e = ρ(1+ ) and n = ρ/m B (m B is the baryon mass).
II. INITIAL MODELS AND NUMERICAL METHODS
The models analyzed in this paper were already considered in our previous works [41] [42] [43] where a detailed discussion of the employed numerical methods, their convergence properties as well as of their properties can be find. We report here the general simulation setup and parameters and refer to those previous articles for simulation setup details. In particular, the resolution used in the simulation here presented (dx = 0.25 CU = 370 m) is coarser than the one used in other works but that should not efffect the identification of the peaks (see [41] for a discussion of the convergence properties of the code).
The simulations were performed using the Einstein Toolkit [52] , an open source, modular code for numerical relativity based on the Cactus framework [53, 54] . The evolved variables were discretized on a Cartesian grid with 6 levels of fixed mesh refinement, each using twice the resolution of its parent level. The outermost face of the grid was set at 720M ( 1040 km) from the center. We solved the BSSN-OK formulation of Einstein's equations [55] [56] [57] [58] [59] , implemented in the McLachlan module [60] , and the general relativistic hydrodynamics equations (GRHD) with High resolution shock capturing methods, implemented by the public GRHydro module [61, 62] . In particular, we used a finite-volume algorithm with the HLLE Riemann solver [63, 64] and the WENO reconstruction method [65, 66] . The combined use of WENO reconstruction and the BSSN-OK formulation was found in [41] to be the best combination within the Einstein Toolkit even at low resolution in [41] . For time evolution, we used the Method of Lines, with fourthorder Runge-Kutta [67, 68] .
Initial data were generated with the LORENE code [69, 70] , as irrotational binaries in the conformal thin sandwich approximation. In this work we analyze a set of simulations with the SLy EOS [70] (from ref. [41] ), equal mass systems with total baryonic mass from 2.4M to 3.2M and unequal mass systems with the same total baryonic mass M T = 2.8M and mass ratio up to q = M1 M2 = 0.77. We also study simulations with different EOSs, both in equal mass systems (with total mass M T = 2.8M , from ref. [42] ) and unequal mass binaries, simulating the merger of the observed system PSR J0453+1559 (see ref. [43] ), the BNS system with the largest mass asymmetry observed so far in our galaxy [44] . The simulations from ref. [41] have an initial dis- tance between the merging stars of 40 km, while it was set to 44.3 km for the simulations from ref. [42, 43] . More physical initial data characteristics are reported in the Appendix.
The cold part of the EOS is parametrized as a piecewise polytrope with 7 pieces, following the prescription of ref. [71] :
where i and K i are fixed imposing the continuity of the zero-temperature pressure and the specific energy density (P cold and cold respectively), starting from K 0 , 0 = 0 and the (zero-temperature) pressure value at the fixed density 10 14.7 g/cm 3 . The four lowest-density pieces are common to all the adopted EOS, and are taken from the SLy EOS [72] . The three high density pieces, instead, differ for the four EOS models we compared (two nuclear many-body EOSs, SLy [73] and APR4 [74] , and two relativistic mean-filed EOSs, H4 [75] and MS1 [76] ). All the EOS-specific parameters are reported in table I. During the evolution, the cold EOS is supplemented by an ideal-fluid thermal component, to ensure thermodynamic consistency in the presence of shocks. It takes the form of a Γ-law, with the choice Γ th = 1.8 [77] .
A. Gravitational waves extraction
During the simulations the GW signal is extracted computing the Newman-Penrose scalar Ψ 4 [78, 79] (using the code module WeylScalar4), which is linked to the GW strain by the following relation, valid only at spatial infinity:
where h + and h × are the two polarizations of the complex GW strain h = h + ih × . The signal is then decomposed in spin-weighted spherical harmonics of weight (−2) [80] (by the module Multipole):
Since in this work we only focus on the dominant l = m = 2 mode, we will identify h = h 2,2 for the rest of this paper. In order to get the GW strain form Ψ 4 and minimizing the extraction errors, one has to extrapolate the signal extracted within the simulation at finite distance from the source to infinity, in order for eq. (4) to be valid. Then, the extrapolated Ψ 4 is integrated twice in time, employing an appropriate technique to reduce the amplitude oscillations caused by high-frequency noise aliased in the low-frequency signal and amplified by the double integration process [81] . We adopted the procedure developed and extensively discussed in ref. [42] : first, Ψ 4 is extrapolated to spatial infinity using the second order perturbative correction of Nakano and collaborators [82] :
Both the GW strains at finite radius, which are present in eq. (6) , and the final extrapolated strain are computed first by integrating the Newman-Penrose scalar twice in time with a simple trapezoid rule, starting from zero coordinate time, and fixing only the two physically meaningful integration constants Q 0 and Q 1 by subtracting a linear fit of itself from the signal:
h lm =h
Only after the integration, a digital high-pass Butterworth filter is applied, designed to have a maximum amplitude reduction of 0.01 dB at the initial GW frequency f t0 (assumed to be two times the initial orbital angular velocity, as reported by the LORENE code), and an amplitude reduction of 80 dB at frequency 0.1f t0 . All the GW related information will be reported in function of the retarded time
From the GW strain obtained with the aforementioned procedure, we arrive at the GW amplitude spectral density h (f ) f 1/2 , which is the physical observable we are focusing on in the analysis presented in this work, with:
whereh(f ) is the Fourier transform of the complex GW strain:h
III. RESULTS
In order to study the spectral features of GWs emitted by the hypermassive neutron star remnant after the merger of BNS systems, we first compute the whole Fourier spectrum, as described in the previous section, from 8 ms before up to 15 ms after merger. The results are shown in figure 1 . For all models, the spectrum has an initial growth and a maximum (corresponding to the inspiral GW emission, which has finite temporal length). The filled circles in figure 1 mark the instantaneous frequency at merger, computed as
where t merger is taken as the time at which the GW amplitude is maximum, and Φ GW (t) = arctan h× h+ + 2kπ is the accumulated GW phase, with the integer k chosen to impose its continuity. The segment of each spectrum at frequencies greater than the merger frequency is generated by the merger remnant GW emission. In particular, for all models, it shows a well known dominant peak. This peak corresponds to the frequency f 2 (also called f peak or f p in the literature), of the fundamental quadrupolar m = 2 oscillation mode of the bar-deformed neutron star formed after the merger [33] . Its frequency has been correlated with different characteristics of the merging neutron stars [31, 32] , in particular for constructing empirical relations to constrains the neutrons star EOS with future BNS postmerger GW detections. For a quantitative discussion of some of those relations, see sec. III D. Most models also show one or more subdominant peaks, at frequencies both lower and higher than the dominant one. The scientific debate about their physical origin is still open (see ref. [13, 40] for an overview of the most recent results). Like the dominant peak, especially the low-frequency subdominant peak has been the target for empirical relations linking it to the characteristics of static stars with the same EOS as that of the merger remnant. A detailed discussion about subdominant peaks is presented in section III E. Looking at figure 1, one can have a first qualitative impression about the dependency of the spectral features on the total mass of the binary, the mass ratio, and the neutron star EOS. In the topleft panel, equal mass systems with the same EOS (SLy) and different total mass are compared. With increasing mass, the dominant peak gains more power and moves towards higher frequencies, as it is expected from a more compact remnant. For most models, there are two subdominant peaks which are about equidistant from the dominant peak. They also gain more power with increasing total mass. As an exception, there is no recognizable peak with a frequency higher than the dominant one for the system SLy 1.11bs1.11 with M T = 2.4M . The highest-mass system considered (M T = 3.2M , model SLy 1.36vs1.36, which collapses to black-hole 7 ms after the merger) instead, shows an additional low frequency peak, which does not correspond to any of the emission mechanisms analyzed so far in the literature. It is situated at a lower frequency than the merger one, but it comes, nevertheless, from the postmerger, as confirmed by the spectrogram (see later in the text and figure 2).
The top-right panel shows unequal mass systems with the same total baryonic mass (M T = 2.8M ) and EOS (SLy), but different mass ratios, up to q = 0.77. As already reported in ref. [41] and confirmed in other works published in the past year [39, 46] , the mass asymmetry leads to a lower dominant peak frequency and subdominant peaks with progressively less power. The bottom panels show the EOS effects for unequal (left) and equal (right) mass binaries: the softest EOSs (SLy and APR4), which lead to the most compact remnants, are characterized by a dominant peak at higher frequencies (therefore, more difficult to detect in current generation GW interferometers). The low-frequency subdominant peaks have relatively higher power for the less compact stars (H4 and, in a more pronounced fashion, MS1), while a high frequency subdominant peak is clearly recognizable only in the most compact stars. This difference was already noted in the unified model of [37] , and was being attributed to the possibility of different emission mechanisms being responsible for the subdominant spectral peaks in soft and stiff EOS stars (see section III E for a deeper discussion about this hypothesis).
References. [40, 46, 84] highlighted the importance of not only analyzing the spectrum taken over the entire merger time, but also analyzing its time evolution. This is important, because the signal components are not fixed in time, but their frequencies evolve dynamically. Figure 2 shows the GW Fourier spectrogram for all the analyzed models, computed taking the Fourier transform in intervals of 5 ms, with a superposition of 95%. Before the Fourier transform, the time domain signal is first padded with zeros to obtain a better frequency resolution, with a padding length of twice the length of the original signal. The first qualitative information noticeable in the spectrograms is that the subdominant modes are short lived, and that they decay during the first 5 ms after merger. Even if they are too weak to be fully visible in the spectrograms, all the subdominant modes are active just after the merger. For unequal mass systems with a soft EOS this show that the main emission mechanism is only suppressed by the mass asymmetry, but it is nevertheless active. Finally, the dominant emission peak does not show a fixed frequency, but changes slightly with time.
In the following subsections we present the results obtained for the descriptions of the postmerger spectrum of binary neutron star mergers.
A. Rapid change of f2 within few ms after merger
The frequency of the main emission mode rapidly changes in the first milliseconds after the merger, when also the subdominant modes are active, and when the merger remnant is rapidly evolving toward a more stable, equilibrium configuration. This feature was already noted in ref. [40] and was described using the notation f 2i to indicate a short-lived mode that evolves into the f 2 frequency. This continuous process seems to have different characteristics depending on the binary physical characteristics as was observed in the spectrogram of [84] . For example, in some models this frequency change is a slow process, with the dominant frequency first increasing (after the merger) and then decreasing, to reach its quasistationary stage value, as happens for the equal mass M = 1.11M SLy EOS model (topleft panel), or for the equal mass model with the H4 EOS (third panel of the bottom row). In other systems this maximum in the dominant frequency is also present, but the quasi-stationary phase is reached much more quickly, as the equal mass systems with the SLy EOS and M = 1.20, 1.28M (second and third panels in the first row) or all the systems with the parameter of the observed PSR J0453+1559 binary (third row). Finally, there are systems for which the dominant frequency just decreases from its value right after the merger to the quasistationary phase value (like the equal mass APR4 model). It is interesting to note that in the PSR J0453+1559 system with a soft EOS (SLy or APR4), the change in frequency of the dominant peak is visible also in the full spectrum (figure 1, bottom-left panel), as the splitting of the main peak, and as already reported in [43] . Although this could be considered an artifact of the short post merger simulated time, it is unlikely to change even for a longer observation period. The reason is that it is caused by the fact that the GW amplitude quickly decreases after the first transient phase in high mass asymmetry models, allowing for the short but with relative high amplitude transient emission to leave an imprint on the overall spectrum as a local maximum, which does not happen in equal or close-to-equal mass binaries, where the GW emission amplitude decreases more slowly in the quasi-stationary phase.
B. Slow increase of f2 at late times
The dominant mode frequency, in the last part of the signal, when it is the only active component, increases with time in most models. This effect is expected, be-cause the angular momentum emitted in GW and redistributed by hydrodynamical processes drives the merger remnant to be more axisymmetric (damping the amplitude of the GW emission) and more compact (increasing its frequency). This frequency increase is more pronounced in models with higher total mass (see first row of fig. 2 ) and in equal mass models, while highly unequal mass ones show little or no frequency change in the temporal interval considered in this work, independently from the EOS (see third row). This is quite easy to understand, since the remnants of unequal mass binary mergers are less compact, and, in particular, more matter is ejected far from its core due to the tidal deformation of the lower mass star by its companion gravitational field which begins in the last orbits before the merger.
C. Other features
Finally, other subdominant modes are visible from the spectrograms, which are not explained by any of the standard pictures published so far, like the already mentioned low-frequency peak in the collapsing model SLy1.36vs1.36, which is generated at merger and lasts for the first 4 ms, or the extended low frequency emissions around 1.7 kHz visible in the PSR J0453+1559 system with the APR4 or EOSs, which start to develop about 10 ms after the merger, already noticed and discussed in ref. [43] .
D. The dominant emission frequency f2 and its link with the stellar properties
The physical mechanism behind to the dominant peak in the postmerger GW spectrum is well known and agreed upon in the literature. As anticipated in the Introduction, several empirical relations have been developed to link the peak frequency f 2 with the merging star characteristics, like their radii [13, 36, 85, 86] , compactness [35, 39, 87] , or tidal deformability [34, 38, 40, 88] . One of the purposes of this work is to use our data, which cover a relevant portion of the expected BNS parameter space, as an independent test for such relations, in order to check their validity and estimation error on a set of simulations different from the ones used to obtain the relation parameters with nonlinear fitting.
In particular, we started form the results of ref. [89] , which state that for equal mass models, f B 2 correlates tightly with the radius of a static neutron star in equilibrium with the same EOS and a mass higher than the mass of each merging star. In particular, the dominant postmerger emission frequency from a system with two 1.35M stars was correlated with the radius of a static star of M = 1.6M . In ref. [13] II . Dominant peak frequency, measured from the full spectrum f2, or from the spectrum up to 5 ms after the merger f2i, taking the maximum of the corresponding amplitude spectral density after interpolating it with a cubic spline with resolution 1 Hz. The values here are slightly different from the ones in [41] due to the different methodology for computing f2 from the data (in the cited paper it was computed using a fit of the time domain signal), and the different time interval used. In addition, the results of simulations with SLy EOS and M = 1.4M show different values due to different initial stars distances (see [42] for a detailed study about its influence) and the different symmetries imposed during the evolution. However, they are still fully compatible within the discrete Fourier transform error (47 Hz). The fourth column reports the predicted value for f B 2 using the empirical relation of [13] . The fifth column reports the error in the determination of the radius of a M = 1.6M static neutron star using the aforementioned relation and the real f2 value measured from our data. Finally, the last column shows the predicted peak frequency with the relation of [39] .
tem was also presented, but was reported to have higher errors in the obtained radii with respect to the fixedtotal-mass relations. However, it is important to keep in mind that the authors in [13] already noted that for an unequal mass q = 0.8 merger, such a relation it is not naturally fulfilled. We compared the aforementioned R(f B 2 , M g ) relation with our data of systems with varying total gravitational mass. The result of such a comparison are reported in table II, together with the corresponding errors in the obtained radii. The radii of TOV stars of mass M = 1.6M are computed for each EOS using the rns code [90] .
We want to stress that eq. (2) of [13] , like most empirical relationships of this kind so far, does not take mass ratio effects into account. According to our results, this can cause an error in the inferred radius of the order of 500 m for the largest mass asymmetries observed in double neutron star systems. To take the mass ratio into account, a new relation was developed in [39] , correlating f 2 linearly with the stars contact frequency, which is sensible to the [41] [42] [43] , and between the two simulations with the SLy EOS and M = 1.4M for each star. In the fourth column we report the quasi-radial oscillation frequency f0, evaluated taking the peak of the maximum density oscillations spectrum, computed in a 10 ms interval starting at merger, resulting in an sensitivity of 100 Hz. The last column shows the instantaneous frequency fmerger at merger time by taking the derivative of the accumulated GW phase at the time of maximal GW strain amplitude.
mass ratio and can be obtained, to first approximation, from the stars' masses and compactness [91] . Results shown in table II show, however, that the dependency between contact frequency and mass ratio seems to be too weak to fully account for the differences observed in f 2 , as was already observed in figure 4 in ref. [39] . In essence, this simpler and physically motivated empirical relation, seems to perform worse on our data than the correlation with the radius of a M = 1.6M static star.
E. Physical interpretation and correlations of the subdominant frequencies
In the literature have been proposed various explanations for the subdominant peaks f 1 and f 3 (also called f − and f + ) which appear in the spectrum of postmerger GW emission in most BNS models.
The first hypothesis but forward was to consider them as the result of the combinations of the m = 0 quasi radial oscillation mode and the fundamental m = 2 mode [33] . In most models, the subdominant peaks are almost equidistant from the dominant one. The red horizontal lines in figure 2 , and the corresponding vertical lines in figure 3 , showing on each panel the GW spectrum of a single model, are drawn at frequencies f 2i − f 0 , which are the theoretical frequencies of the mode combination. Here f 2i , adopting the notation of [40] , is the dominant frequency in the first milliseconds after the merger, evaluated taking the maximum of the amplitude spectral density computed up to 5 ms after the merger. f 0 , instead, is the frequency of the quasi-radial oscillations, computed from the spectrum of the maximum density (or minimum lapse) oscillations (see figure 5) . In most models the frequency predicted for the mode combination is a very good approximation for the subdominant peaks in the spectrum. However, it is significantly different in the less compact stars, either low mass models with a soft EOS (such as the equal mass model with the SLy EOS and M = 1.11M for each star, top-left panel in figure  3 ), or models with a stiff EOS (such as the stars with M 1.28M and the H4 or MS1 EOS).
Before addressing the mode combination interpretation in the less compact stars one should consider that in [35, 87, 92] was hypothesized and analyzed the possibility that all the subdominant peaks are generated by the modulation of the dominant mode due to the radial oscillation of the rotating double core structure formed right after the merger and that this modulation could be described by a mechanical toy model [35] . According to this interpretation, it is possible to find a single relationship connecting f 1 to the merging stars characteristics, and, in particular, to their EOS, since this subdominant peak is produced by the same mechanism in all models. A similar relation, fitting f 1 with a third order polynomial in the initial stars average compactness, was developed in [35] and refined in [40] . Its predictions, for our data, are reported in figure 3 as the solid green lines. In almost every model it is able to reproduce well the subdominant peaks, also for the stiff EOSs, where the mode combination hypothesis failed. It performs slightly worse than the mode combination hypothesis in the model close to the collapse threshold (SLy EOS and M = 1.36M for each star). In this case, the only models that are not effectively described by the proposed universal mechanics are: the lowest equal-mass model with mass M = 1.11M (that is quite unlikely to be present in nature) and some of the extremely unequal mass models, namely, SLy 1.11vs1.44, H4 1.17vs1.56, and MS1 1.17vs1.56.
A different possibility was considered in ref. [37] to construct a unified picture. In this case the low frequency GW subdominant peak in the less compact models (at frequencies denominated f spiral was interpreted as due to the emission from the spiral arms structure formed after the merger, which rotates slower than the central double core structure, with a rotation frequency of f spiral 2 , while the subdominant peaks in the more compact stars are considered to be produced by the m = 2 and m = 0 mode combination, which, as explained before, is consistent also with our data. Indeed, here the word unified should be interpreted as the assertion that the two associated peaks are always present and that the dominant f 1 peak is just the strongest of the two. From of Eq. (A.6). It should be noted that although this relationship does not always match the f1 peak, it seems to correspond to others (even more) subdominant peaks in the spectrum.
the data of ref. [37] , where the f spiral peak was identified in the postmerger emission of several binary systems with different EOSs, in [40] an empirical relationship was derived, connecting f T spiral (see Eq. (A.6)) to the average mass and compactness of the merging stars, with a second order expression. Its predictions, applied to our simulations, are shown in figures-3 by the dash-dotted cyan lines. They agree very well with the low frequency subdominant peak in the less compact models, where the mode combination cannot explain the right f 1 frequency. In particular, the spectrograms of some models with intermediate compactness (the equal mass ones with the SLy EOS and M = 1.3, 1.4M for each star) show the presence of two low-frequency subdominant GW emissions, one close to the predicted frequency of f 2i − f 0 or f 1 from [35, 40] , and the other, at higher frequency and with a shorter duration, close to the value predicted for f T spiral . This is consistent with similar results found in ref. [13, 37] for the class of models they defined Type II. In order to investigate further these hypothesis, we studied the evolution of the maximum density and minimum lapse in the remnant. Figure 4 shows the maximum density evolution for all the discussed models. The density grows after the merger, with, in most models, superimposed oscillations in the first milliseconds. At the end of the longest simulations, the density reaches a stable maximum value, when the star is in the quasi-stationary phase. The maximum density is obviously higher in the more compact stars. In particular, the dominant effect is due to the EOS. In the stiffest EOS, the last polytropic piece of our parametrization (at densities higher than 10 15 g/cm 3 ) is never reached in our models. The density also appears to grow slower and aim asymptotically to a lower equilibrium value in systems with a large mass asymmetry. This is easy to explain, since the remnant of unequal-mass BNS mergers is less compact due to the tidal deformation of the lower mass star in the late inspiral and merger phase. Density oscillations, also, have a higher amplitude in the more compact models, in particular in those closer to the threshold for quasi-radial collapse (SLy EOS and M = 1.36M for each star), while they seem to have a similar frequency in almost all models, excluding the aforementioned SLy1.5vs1.5 collapsing model, for which it becomes lower getting closer to the collapse time. Density oscillations have a negligible amplitude, instead, in the less compact stars (the ones with MS1 EOS or with SLy and M = 1.11M for each star), which correspond, also, to the models for which the subdominant peaks in the spectrum are not well explained by m = 2 and m = 0 mode combination. In unequalmass models, density oscillations are still present, but have a lower amplitude increasing the mass asymmetry, in particular in the first 2 ms after the merger. This is consistent with their connection to the subdominant peaks in the GW spectrum: there is still an emission at frequencies around f 2 (as seen in the spectrograms, fig. 2 ), but the subdominant peaks amplitude in the full spectrum is lower, decreasing the mass ratio.
In ref. [37] it was claimed that the GW emission mechanism at f spiral would leave an observable imprint also in the maximum density evolution, as a modulation with frequency f 2i − f spiral , due to the relative instantaneous orientation of the external spiral structure respect to the internal double core structure. To investigate it in our data, we computed the Fourier spectrogram of the maximum density and minimum lapse oscillations, in the interval from the merger to 10 ms after it. The results are shown in figure 5 , in arbitrary units, normalized to the spectrum maximum, in order to be able to compare the spectral features of the two observables. In all models, both the maximum density and the minimum lapse spectra show a dominant peak, corresponding to their oscillation frequency f 0 . The peaks in both spectra are remarkably always at the same frequency, except for the collapsing model with SLy EOS and M = 1.36M for each star, confirming their ability to measure the quasiradial oscillations frequency. While the α spectrum does not show any other feature, besides the main peak, in some models, in particular, the less compact ones, the ρ spectrum shows also some subdominant peaks. This difference between the two observables can easily be explained by the fact that, while soon after the merger the star lapse profile has only one single maximum located at the star center, the density keeps a double core structure, with two rotating local maxima, for several milliseconds. For the models where f spiral could be a promising explanation for the low frequency subdominant peak f 1 in the GW spectrum, we drew a vertical, black line at frequency f 1 − f 2i in figure 5 . In the SLy 1.11vs1.11, H4 1.3vs1.2,MS1 1.3vs1.3 models, it it falls close to a local maximum in the density spectrum, compatible with it within the Fourier transform frequency error of 60 Hz, confirming the presence of a modulation at that frequency, as predicted in [37] . This finding seems to corroborate the f spiral hypothesis for those models. In the SLy 1.2vs1.2 and SLy 1.28vs1.28 models, which showed subdominant emissions in their spectrograms close both to the prediction for f spiral and to f 2i − f 0 , instead, only the main f 0 peak is present in the maximum density spectrum. Fourier spectra of the maximum density and minimum lapse oscillations, computed between the merger and 10 ms after it. The black vertical lines mark, in models for which the subdominant GW spectral peaks are not well explained by m = 2 and m = 0 mode combination, the frequency f2i − f1, at which a modulation in the quasi-radial oscillations. In these cases f1 corresponds to f spiral , as hypothesized in [37] F. Analyzing the postmerger GW spectrum with the Prony method
Fourier spectrograms are a very informative technique, but they have also some known drawbacks:
• They consider only the modulus of the GW strain, not the full complex number;
• They do not allow extraction of information about the excited mode damping times, nor do they indicate whether the modes are growing or vanishing in a particular time interval;
• Their accuracy in time and frequency is limited by the bandwidth theorem.
All these shortcomings can be overcome by a complementary analysis which fits the time domain signal to a sum of complex exponentials. These can, at each sampled point n ∈ [1, N ], be expressed as (T is the sampling time) :
where M is the number of signal components, which a priori could be unknown. Retrieving the same number of excited modes with the same frequencies using this technique and using a Fourier spectrum would be a confirmation that the postmerger GW signal is indeed the superposition of different exponentially-decaying excited modes. Fitting a sum of complex exponentials with the standard least-square technique is known to be problematic, for the large number of free parameters and the sensitivity to the needed initial guess. Moreover, the number of excited modes must be chosen a priori with standard fitting techniques, as adopted for example in [13, 86] .
A different class of techniques, descending from Prony's method, is known in the signal processing literature to be a solution to these problems of least-square fitting a sum of complex exponentials [47, 50, 93] . These methods have already been adopted in numerical relativity to extract quasi-normal modes from the ring-down signal in binary black holes simulations [48, 49] , but have never before been adopted to study the BNS postmerger GW signal. In particular, we implemented the ESPRIT Prony variant [51, 94] , which is able to reconstruct the signal features even in the presence of noise. Like many other modern Prony implementations, it is based on fitting a sum of a number of complex exponentials L much larger than the M ones present inside the signal, and then discriminating between the physical modes and the ones due to noise. Following a common choice, we used L = N/3 in this work.
Prony's original method was developed to fit a noiseless signal of N = 2M samples. Its starting point was rewriting eq. (12) as a Vandermonde linear system:
. . .
The goal of Prony's method is to find in an independent way a solution for the complex exponentials z k , which give the frequencies and the damping times of the signal components. Once they are known, one can solve system 13 with standard techniques, to get also the amplitudes and the phases encoded in the coefficients c k . The starting point is to construct an M-grade polynomial, whose zeros are the first M z k :
where the coefficient a M has been arbitrarily set to one. Starting from these Prony polynomials, one can find the following relation, for each m ∈ N * :
Using the sampled values of the signal
, this can be translated in a forward linear prediction system:
which, in matrix form, becomes:
In order to fit a sample with noise and N > 2M points, where M is not known a priori, in the ESPRIT Prony technique, the starting point is building the rectangular Hankel matrix Following from eq. (17), an extended companion matrix C L+1 can be constructed, which allows one to transform
where C(M ) is the companion matrix in the original Prony method:
and the bottom-right block is given by:
The key of this method is the fact that the companion matrix C M has the M complex numbers z j , j ∈ [1, M ] as eigenvalues. Note that in a noiseless sample, its extended version C L+1 has the same M eigenvalues, plus L + 1 − M additional eigenvalues which are zero. Therefore, the technique focuses on finding the M significant eigenvalues of C L+1 by discriminating them from the eigenvalues due to noise.
As in many other Prony-like techniques, this is done by performing a singular value decomposition (SVD) of the Hankel matrix and the closely related matrix H (1) :
where U and W are unitary matrices and S is a rectangular diagonal matrix, whose nonzero values σ i , i ∈ [1, L+1] are called the singular values of the Hankel matrix, arranged in a non increasing order. W (1) is, by construction of the Hankel matrices, built from W by removing the first column and adding a last column filled with zeros. For noiseless data, only M singular values are nonzero. For data with noise instead, it is possible to define a threshold depending on the desired accuracy (which depends also on the input data accuracy), in order to find a posteriori the number M of complex exponential components present in the signal, requiring
In the present case, we have chosen = 10 (1) . (26) Multiplying the conjugate transposed equation with S * N −L,M † from the left, and setting (27) in order to remove the zero columns, one finally gets
Since C L has rank M , and its eigenvalues are the z j we are looking for, one can find them solving eq. (28) in the least-square sense and computing the eigenvalues of the solution matrix
where W * M,L † is the Moore-Penrose pseudoinverse of W M,L . Once one obtains the M complex z J x, as eigenvalues of F M , it is possible to solve the (now overdetermined) Vandermonde system 13, again in the leastsquares sense, to get also the c j , from which the modes amplitudes and phases can be computed. 
G. Applying Prony's method to our models
The Prony method is designed to fit signal components with fixed frequencies. It is therefore important to perform the Prony analysis only in short time intervals, as the emission frequencies change with time, as seen before in the Fourier spectrograms (figure 2). We applied the ESPRIT Prony algorithm described above to the postmerger GW strain, in an interval from 1 ms to 3 ms after the merger (when the subdominant modes are active), in order to compute the component frequencies and compare them to those computed from the Fourier spectra (reported in tables II and III). The results of this analysis are reported in table IV. Another useful information that can be extracted using Prony's method is the determination of the dumping (growing) time associated with a specific mode of a given fixed frequency. The correct determination of the dumping time would had required a larger time interval (here we use a 2 ms window) over which the frequency of the mode is constant. Unfortunately, the frequency of active emission modes is changing with time and for this reason the associated damping times τ are much more sensitive to size of the time window and are not reported here. On the contrary, it allows to perform time-frequency analysis using a small time window maintaining a high precision in the determination of the modes frequencies.
Additionally, we built a Prony spectrogram for each model (shown in figure 6 where darker colors refer to higher amplitudes), assigning the frequencies of the components fitted by an ESPRIT Prony algorithm applied in a 2 ms interval around each point in time for the simulated postmerger evolution. The points in the plot are colored with a colormap based on the amplitude of each mode, normalized to the maximum amplitude for each model. The dashed lines show the values of f 2 (black), Tables II and III. f 1 and f 3 (green) from tables II and III. The components fitted by the Prony method agree well with the Fourier spectra peaks in most of the simulated models. The analysis of the Prony spectrogram, however shows in a precise way that a three-peaks structure:
• it is clearly present only in the two most massive case, namely model SLy 1.28vs1,28 and SLy 13.6vs1.36,
• it is gradually suppressed changing the mass ration q = M 1 /M 2 , and
• it does not show up for stiffer equations of state, e.g., in models H4 1.3vs1.3 and MS1 1.3vs1.3.
This presence of a three-peaks structure can also be seen in the spectrogram of Figure 2 , but there it is by far not as clearly visible as in the Prony spectrogram. We also note that, while it might be tempting to see f 1 and f 3 as equidistant to f 2 when only considering equalmass models, the unequal-mass models show that this is not the case there. It is apparent especially from figure 6 (second-row), that f 1 and f 2 are not only non equidistant in those cases, but that their dependency on the mass ratio seems to be similar: the more unequal a system is, the lower both frequencies seem to be, while f 2 hardly changes in comparison. Also, for cases that show a pronounced frequency f 3 , the time evolution of both f 1 and f 3 seems to show common features, e.g., common raises and drops, while maintaining a rough factor of two. While such a connection has not been shown rigorously, it suggests a close physical connection between the processes generating both frequencies, possibly even being produced by the same process. Understanding why f 3 is missing for especially the low-mass and soft-EOS models could help one understand the process(es) for both f 1 and f 3 , but due to the need for more model data this remains part of future work.
IV. CONCLUSIONS
In this paper we studied the GW emission from BNS merger remnants, focusing in particular on their spectral features. We analyzed the output of several numerical relativity simulations of models already considered in our previous works [41] [42] [43] , which cover a relevant portion of the BNS mergers parameter space, varying the total mass, the mass ratio, and the high-density EOS.
We compared the peak frequency of the Fourier spectra with two different empirical relations, linking it to static stars characteristics, and, therefore to the EOS [13, 39] , using our data set as an independent test. The relation from [13] showed a better agreement, with a difference between the predicted and measured f 2 of less than twice the Fourier transform sensitivity in most equalmass models (except APR4 1.27vs1.27). The error in the estimated radius for a static neutron star of reference mass M = 1.6M is at most 350 m for equal mass models, while it is higher for most of the simulated unequalmass binaries. For example, in the sequence of unequalmass binaries with fixed EOS (SLy) and total baryonic mass (M T = 2.8M ), the radius error increased by about a factor of three between q = 0 and q = 0.83.
Next, we analyzed the subdominant peaks in the GW spectrum, comparing different interpretations for their origin. While in most models the m = 0 and m = 2 mode combination hypothesis agrees well with our data, it does not work for some of the less compact stars (with either low mass or stiff EOS), for which, additionally, only a low-frequency subdominant peak f 1 is present, with no high-frequency counterpart f 3 . In the stiff EOS models, the universal relation of [35, 40] , which works well also in all the more compact models, gives a good prediction for the subdominant peak f 1 , while it does not work for model SLy 1.11vs1.11. The f spiral hypothesis of [13, 37] , on the other hand, seems to work well in all the simulations of our sample where the f 1 peak cannot be explained by mode combination. In particular, in three of our models (SLy 1.11vs1.11, H4 1.3vs1.3, and MS1 1.3vs1.3) a subdominant peak at frequency close to (f 2i − f 1 ) is found by analyzing the spectrum of the maximum density to study the quasi-radial oscillation. This has been attributed in the cited works to the different orientation of the outer spiral-arms structure with respect to the inner double-core structure, which rotates with different angular velocity.
We applied, for the first time in the analysis of GW from BNS postmergers, a modern variant of Prony's method, which is a technique to fit a signal with a sum of complex exponentials. This allowed us to confirm that in the initial transient phase the postmerger GW signal is indeed a combination of different complex exponential components, whose frequencies were similar to the values of the spectral peaks. Also, the number of retrieved components, which is not imposed a priori in Prony's analysis, agreed well with the subdominant peaks we were able to distinguish in the spectrum, confirming the subdominant peak suppression in unequal mass models and the absence of a high-frequency peak f 3 in the less compact models, where mode combination does not explain the f 1 frequency well.
We also analyzed the time evolution of the frequencydomain signal, utilizing both Fourier spectrograms and Prony spectrograms. Both share the same dynamical features:
• A change in the dominant peak frequency between the initial transient phase and the following quasistationary phase. It is apparent that this transient is not a sudden jump, but rather a continuous process, in which the dominant frequency first increase and then decrease;
• A slow increase in the dominant frequency in the quasi-stationary phase which, in particular in the Fourier spectrograms, seems more pronounced in equal mass binaries and suppressed in unequal mass ones.
Overall, our analysis reveals that the spectral properties of the postmerger gravitational-wave signal are in agreement with those proposed by other groups. In particular, four main peaks appear to be present in all of our simulations: f 1 /f spiral , f 2 , f 3 and f 20 . We also find that the mechanical toy model of [35] provides an effective description of the early stages of the postmerger and that the two main subdominant peaks f 1 and f 3 are produced only during a transient stage of a few milliseconds after the merger, as predicted by the toy model. At the same time, we find that the analysis of [37] is particularly effective for binaries with very low masses or small mass ratios, where the f spiral peak replaces the f 1 peak and provides a better match to the data. This suggests that at least two different mechanisms should be considered for the physical interpretation.
A complete understanding, possibily with the aid of the toy model, of the common dynamics of the subdominant peaks f 1 and f 3 , and why f 3 is suppressed for low-mass and stiff-EOS models, could help understanding the process(es) that originate the presence (or absence) of subdominant peaks. In principle, we expect that merging binaries will have masses around 1.33 M and mass ratios around 1. However, we here suggest that the identification of the low-frequency subdominant mode is made either with expression (A.5) -which is relative to f 1 -or with expression (A.6) -which is relative to f spiral and may be more accurate for low-mass binaries and small mass ratios.
We note that, as discussed in [40] , the main characteristics of the postmerger spectrum are captured by three main peaks f 1 , f 2 , f 3 that are closely physical related plus an additional peak denoted as f 20 . This general picture was used to get information on the EOS by performing the stacking of multiple BNS postmerger events [88] . The idea of multiple stacking was also considered in [95] focusing on just the main (later time) f 2 mode.
